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Efficient Euler Solver with Many Applications
Gino Moretti*

G.M.A.F., Inc., Freeport, New York

A computational technique for two-dimensional unsteady Euler equations, based on a A-formulation and
explicit shock fitting, is presented. Any number of shocks, of any shape and type, and their interactions can be
treated by this technique, which does not require complicated logic and does not perform redundant calcu-
lations. The code is fast and the results are very accurate. Examples (transonic airfoils, shocks in ducts, intake
flows, multiple Mach reflections) are presented and discussed.

Generalities About Shock Fitting

T HE superiority of shock fitting over shock capturing in
one-dimensional computations is above controversy. For

two- and three-dimensional flows, however, shock fitting has
always been considered impractical. The object of the present
paper is to show that two-dimensional calculations with shock
fitting can be done, are easy to code, and produce excellent
results. Shock-fitting codes are simpler, faster, more accurate,
and require fewer mesh nodes than shock-capturing codes.

Riemann Variables
Let a, u, p, s, and y mean speed of sound, velocity, pres-

sure, entropy, and ratio of specific heats, respectively, and let
d = (y — l)/2. In one-dimensional flows, certain combinations
of the speed of sound and velocity, such as R - a/d ± u, may
be called Riemann variables, only because in simple waves,
where they remain constant along certain lines, they are com-
monly known as Riemann invariants. In nonisentropic flows,
depending on any number of space variables, combinations of
increments, such as

AR -aAS (D

are physically equivalent to combination of increments, such
as

(2)

which express the propagation of pressure signals along gen-
erators of the characteristic controls in space and time. The
term, "generalized Riemann increments*' is used here for any
expression such as Eq. (1).

Importance of the Riemann Variables in Shock Fitting
A shock fitting code should take full advantage of the fact

that the value of one Riemann variable on either side of the
shock is independent of its value on the opposite side. Such a
variable, indeed, can be computed on either side of the shock
without using any information from the other side; in other
words, without approximating derivatives by differences
taken across a shock. This eliminates all wiggles in a second-
order-accurate technique without forcing the order of accu-
racy to be lowered locally, or introducing artificial viscosities.
In mathematical terms, the convergence-in-the-mean of un-
damped shock-capturing codes is replaced by uniform conver-
gence of algorithms, separately valid on each of the two
regions divided by the shock. As stated on repeated occasions,
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the argument is consistent with the convergence-in-the-mean
of the Fourier expansion of a function with jumps, and its
uniform convergence when the jumps are removed.

Connection with the X-Formuiation
Not by accident, the Riemann variable that proves to be so

useful in the application of shock fitting is one of the basic
variables in the current version of the X-formulation.1 And
since the same variables are the best choice for a proper hand-
ling of boundary conditions, we conclude that the most homo-
geneous and natural way of computing is a combination of the
X-formulation and shock fitting.

Two-Dimensional Shock Fitting
The simplicity of shock fitting is obvious in one-dimen-

sional problems. The shock depends on its environment,
through that one Riemann variable R, which can be computed
correctly on both sides of the shock without having to use any
information from the shock itself. In fact, the relative shock
Mach number M is a single-valued function of the jump in R
and, knowing M, the Rankine-Hugoniot conditions can be
applied to determine all downstream values. Specifically, if we
identify the two sides of the shock with the two grid nodes
bracketing it, a one-dimensional calculation of a shock re-
quires one statement to define AR, five statements to obtain
M [solving the equation f(AR, M) = 0 by iteration], and five
more statements to get the shock velocity, to displace the
shock accordingly, and to apply the Rankine-Hugoniot con-
ditions.

Simplicity is not lost in two dimensions. The basic pro-
cedure, indeed, remains the same since the local calculation of
a shock point is one-dimensional. The equations are only
slightly altered by a slope factor, and one more Rankine-
Hugoniot condition is needed.1 We still need only as few as 12
statements to compute a shock point.

Topological Problem of the Shock Slope
Apparently, however, the evaluation of the shock slope may

cause difficulties. Shocks move across a given grid and may
have any slope with respect to the coordinate lines. Some
portions of a shock are better defined by their intersections
with one family of grid lines, other portions by their inter-
sections with the opposite family. Moreover, to get the slope
of a shock at any point, it seems that different shocks should
be treated separately and, for each one of them, all its points
should be stored in an orderly sequence. All this would make
the logic of a complicated shock pattern extremely difficult;
fortunately, a closer look shows that the problem can be
solved in a much simpler way.

Let us begin by noting that we can store all the information
pertinent to shock points in single arrays, the shock points
being numbered for identification but not necessarily stored in
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any particular order (in other words, two shock points stored
next to one another may be located at a large distance in the
physical plane; conversely, two shock points located next to
one another in space are not necessarily identified by two
successive indices). This freedom of storage eliminates any
need for complicated logics to reorganize shock points along
shock lines, in a rigid sequence, as such points appear, move,
or disappear.

To obtain the slope of a shock at one of its points, we must
determine which other shock points, if any, are in its imme-
diate neighborhood (that is, within a square of six grid cells).
Here is a simple device for cross referencing shock points and
grid points. To simplify the discussion, let us consider shock
points located on one family of grid lines (for example, Y = •..
const lines; see Fig. 1). A double array, JSX(N, M), is set
equal to zero at all grid nodes (X = N AX, Y = M A 7). If a
shock point occupying the Jth position in the shock storage
(denoted by an x in Fig. 1) exists on the Mth line of the grid,
between the TVth and the (N+ l)th point, we will let JSX
(N + 1, M) = J. When computing shock point /, we explore
the intervals marked by the heavy line ^? in Fig. 1, looking at
the values of JSX at the grid points (N, M + 1), (N + 1,
M + 1), and (N + 2, M + 1). If one of them contains a value
of JSX different from zero (JP, say), we know that the shock
occupying the JP location in the shock arrays is the neighbor
of the Jth shock point from above. If more than one shock
point exists on #, we say that the neighbor of J on the
(M + l)th line is the baricenter of all such points. We also scan
the heavy marked intervals HD, FB, EA, and GC of Fig. 1,
searching for possible shocks located on X - const lines; such
points will be considered as upper neighbors of / and com-
bined with the ones found on line a. We repeat the operation
at the (M — l)th line on the b interval, and we scan the heavy
marked intervals below //, F, E, and G to find possible points
on X = const lines, to be considered as lower neighbors of /.
The slope can thus be computed using the coordinates of the
upper and lower neighbors. If no shock is in the neighborhood
of the Jth shock from above, the slope is computed by using
the coordinates of / and the lower neighbor. We proceed in a
similar way for the lower neighbor. If the /th shock point is
isolated, it must be dropped.

Transverse Crossings
Once the neighbors of a shock point have been identified as

just outlined, the acquired knowledge can be used in two more
instances. The first occurs when a shock, identified by two
points on Y - const lines, crosses one or more X = const
lines; in such a case, no Y derivatives at the nodes immediately
above and below the shock (such as A, By C, and D in Fig. 2)
can be approximated by differences taken across it. Similarly,
if a shock, identified by two points on X - const lines, crosses
a Y = const line, no X derivatives at the nodes immediately to
the left and to the right of the shock can be approximated by
differences taken across it. Since such transverse crossings are
pinpointed by the aforementioned analysis, we know where to
act. As regards the action itself, it seems that approximating
derivatives by differences taken on the "wrong" side suffices.

Shock Geometry Smoothing
The second instance in which a knowledge of the neighbors

of a shock point is needed is related to the control of the shock
shape. Wrinkled shocks, indeed, cannot exist. If a shock had
a spike pointing to the left, the velocity vectors downstream
would diverge and create a diffuser effect that would suck the
spike toward the right, and vice versa.2 In a numerical calcu-
lation, however, wrinkles on a shock may occur because of a
faulty evaluation of the initial location of a shock point. The
effect is particularly evident when the environment does not
force the shock to move. If centered differences are used to
determine the slope of the shock, the wrinkle is not detected,
the physical mechanism of geometry smoothing is not inter-
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Fig. 1 Neighborhood of a shock point.

Fig. 2 Shocks crossing grid lines.

preted numerically, and the wrinkles cannot be eliminated. On
the other hand, choosing the proper side for one-sided
differences in a complicated shock pattern would again re-
quire a major logical effort. A simple, physically consistent
numerical smoothing of the shock geometry can be imple-
mented by modifying the shock Mach number in order to
account for the local curvature of the shock.3

Structure of the Computational Code
Consequently, a computational step is structured as fol-

lows. Prior to computing shocks, all nodes in the computa-
tional mesh are computed without special provisions. A
scheme as simple as the X-scheme can be used to update all
nodes with second-order accuracy, using a vectorized code.
This part of the code uses standard "predictor," "corrector,"
and "boundary" subroutines.1 Next, the array of shock points
is scanned (we repeat this, examining the points in the order in
which they are stored, not in any geometrical or physical
order). The object of the operation is to remove all results ob-
tained using differences taken between points lying on oppo-
site sides of any shock and to replace them as previously
outlined. Therefore, at all grid nodes in the neighborhood of
a shock, derivatives that would naturally be approximated by
differences across the shock, are forced to be approximated by
differences in the opposite direction. The updated values at
nodes neighboring shocks are corrected accordingly. This is
accomplished in a "neighborhood" subroutine. Then, all
jumps across shocks are evaluated, together with the shock
velocities. The shock Mach numbers are obtained as outlined
above in a "shock" subroutine. Finally, a subroutine is called
that performs many tasks:

1) Moving shock points according to their velocities.
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Fig. 3 Constant u lines and constant S lines about a NACA 0012
airfoil, unsteady flow.

FIRST 8£F-0.tOOOQ
LfiST BfiF- 1.40000
DREF/0.1QQOO

Fig. 4 Steady flow about a NACA 0012 airfoil, M«, = 0.85, a = 1
deg.

0.8

1.2
Fig. 5 Cp about a NACA 0012 airfoil, Mw = 0.85, a•= 1 deg.

2) Resetting values at a grid point, if the shock crosses over
it in going from one cell to a neighboring one.

3) Searching for the formation of new shock points.
4) Dropping one shock point when there are two in the

same cell.
5) Evaluating the slope of the shock at all shock points.
6) Dropping isolated points.
7) Dropping shock points on X lines, if their slope is less

than 45 deg and shock points on Y lines, if their slope is
greater than 45 deg.

Computed Examples
In the rest of the paper, I present some results of calcu-

lations of flowfields with shocks, at different degrees of diffi-
culty, with brief comments.

Transonic Airfoils
Transonic flows about airfoils, with imbedded shocks, are

apparently the easiest problem for various reasons. Only
shocks of one family exist, and they do not interact with each
other. The shocks are almost parallel to grid lines. Shock
points tend to stack up from the airfoil into the freestream in
an orderly fashion. Orthogonal meshes can be used. The flows
of current interest are steady. The shocks always separate an
upstream supersonic flow from a downstream subsonic flow;
therefore, they are easily detected by looking for changes in
the sign of (u — a). Moreover, the Riemann variable of inter-
est is exactly defined on both sides of the shock. Nevertheless,
many interesting details require a careful numerical treatment,
if one searches for a solution with a high degree of accuracy.

1) An imbedded shock, even if almost parallel to a family
of grid lines, is not necessarily confined to a single strip of the
grid. As a transverse crossing of the mesh occurs, the diffi-
culty just mentioned is present here as in any more compli-
cated problem.

2) The necessity of having the calculation converge to a
steady solution complicates the issues. Indeed, a shock point
may tend to be located on a node of the grid, or at least very
close to it. A minimal change in its location may shift it from
one cell to a neighboring one. If we identify the two sides of
the shock with the two grid nodes bracketing it, the crossing
procedure presented in the previous section may produce an
unphysical jump in the information used to recompute the
shock. Consequently, the point can be pushed back into the
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original cell and the oscillation can repeat itself ad infi-nitum.
The remedy2 consists of defining the values of the Riemann
variable not at grid nodes bracketing the shock point but at the
point itself, by extrapolating from either side; however, the
extrapolation has to be defined in such a way that the values
at the shock do not jump when the shock point moves from
one cell to another.

3) Another problem arises at the tip of the shock, where the
last physical shock point has a Mach number of 1. Such a
point does not necessarily lie on a grid line, but this is not a
cause of trouble since very weak shocks are well captured by
the X-scheme. It is thus convenient not to compute the last
shock point as a shock but to locate it, by interpolation, where
the flow Mach number is 1; the location of the point is then
used to obtain the shock slope at the next shock point.

The technique of shock fitting, as just outlined in connec-
tion with time-dependent calculations for unsteady flows, has
been applied to the transonic airfoil problem, both for un-
steady calculations and as a way to obtain asymptotically
steady solutions.4 In Fig. 3, we present a sequence of flowfield
patterns in a ease where no steady solution exists (a NACA
0012 airfoil in a freestream with M^ = 0.3 at a 20 deg angle of
attack). The grid used in the calculation is a Cgrid, and u is
the velocity component along grid lines wrapped around the
body and the wake. On the left-hand side of the figure, u =
const lines are plotted; dotted lines correspond to negative
values of u. On .the'right-hand side of the figure, S = const
lines are plotted. A sequence of plots is presented for increas-
ing values of time. A strong shock forms near the leading edge
and it generates a strong vorticity. The shock is rapidly pushed
upstream, and a recirculation bubble appears behind it. At
t - 1.66, the shock has been pushed very far toward the stag-
nation point and it has lost both length and strength. Mean-
while, the bubble has grown bigger. The recirculation is now
so violent that (at t = 4.28) a secondary shock appears in the
reverse flow. The bubble is finally shed; the main shock is so
weak that a new clean region of isentropic compression with
positive velocities is formed (/ == 11). The isentropic compres-
sion piles up into a new shock and at / = 13 the same pattern
as at t = 0.1 appears and a new cycle begins.

To acquire steady solutions, the same technique of shock
fitting has been inserted on a fast, implicit Euler solver.5
Typical results are shown in Figs. 4 and 5 for a NACA 0012
airfoil at M^ = 0.85 and a 1 deg angle of attack. Figure 4
shows the isobar pattern about the airfoil, and Fig. 5 is the
distribution of Cp on the upper and lower surfaces of the
airfoil. The CRAY-XMP computational time for this case
(using a C grid of 128 x 32 intervals) is less than 20 s.

Transonic Flows in Channels
Transonic flows in channels offer a different range of

difficulties. According to the geometry of the channel, and the
entry and exit conditions, various types of shocks may appear,
including shocks similar to those seen on airfoils. An abrupt
change in the slope of a wall may produce an oblique shock.
Under steady boundary conditions, such a shock is steady and
the flow is supersonic on both sides of it. The same wall geom-
etry may generate a detached shock, followed by a transonic
flow. All shocks may reach a wall and be reflected from it.
The reflection may be regular or a Mach reflection; and one
type of reflection can evolve into the other. This brings in
various types of shock interactions. Finally, the computa-
tional mesh is not necessarily orthogonal.

We start with a case of relative simplicity. The channel (Fig.
6) has two semi-infinite parts, of different cross-sectional
areas, connected by a straight transition. The flow entering
from the left is supersonic and uniform. An impulsive start
produces a perturbed field in the transition and beyond. The
data of the problem can be adjusted to provide a variety of
cases, from a pattern of steady, regular reflections to the
formation of Mach reflections and an unsteady choking of the
channel.

RUN 101 LINE 2 K- 200 TIME- 1.612400
FIRST REP* 0.90000
LRSt RET- 1.84939
DRET-0.05000

RUN 101 LINE 2 K- 400 TIME- 3.242890
FIRST RET-0.60000
LftSt REF- KBOOOO
DREF-0.10000 . . / . '

RUN 101 LINE- 2 K- 600 TIME- 4.923700
FIRST REF- 0.65000
LflST REF-1.59999
PREF- Q.Q5QGO

RUN 101 LINE 2 K- 800 TIME- 6.653300
FIRST REF- 0.65000
LflSTREF-1.59999
OREF- 0,05000

RUN 101 LINE 2 K- 1000 TIME- 8.384900
FIRST REF- 0.55000
LRST REF- 1,59999
DREF- 0.05000

Fig. 6 Unsteady flow in a duct, M — constant lines.
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Fig. 7 Intake geometry.

Fig. 8 //-grids for intake calculation.

Here, the logic for an easy treatment of multiple shocks
finds its first application. The oblique shock (which is all im-
bedded in a supersonic region) cannot be detected by an
analysis of the sign of (u — 0), but is detected by an evaluation
of the jump.in the pertinent Riemann variable. In this respect,
we realize that, downstream of the oblique shock, the Rie-
mann variable cannot be evaluated exactly. The derivatives
needed to determine it in the X-scheme calculation are approxi-
mated from downstream, in violation of the domain of depen-
dence of (a/d) — u in a supersonic flow. It has to be noted,
however, that the procedure is justified by the fact that the
Riemann variable relative to the shock, (a/d) - (u - W),
where W is the shock velocity, is carried by a characteristic
having a slope equal to (u — W) — a, that is, from down-
stream. No appreciable error seems to affect the computed
shock Math number; therefore, the downstream values are
correctly reevaluated by the Rankine-Hugoniot conditions.

In Fig. 6 we present a sequence of isobars. The channel
cross section is reduced from 1.268 to 1. The slope of the wall
is 20%. The Mach number at the entrance is 1.6. At t = 1.61,
the perturbation produced by the impulsive start has already
evolved into an almost steady oblique shock, regularly re-
flected by the bottom wall, plus a centered expansion wave
and its reflection. Note that the shock is picking up strength
starting from the wedge corner downward (the bottom part is
too weak yet to be fitted; the slope of the captured portion of
the shock is evidently smaller than the correct slope of the
fitted portion). The reflected shock is also weak and captured
isentropically. At t = 3.24, the entire main shock is fitted. The
strength of the shock is correct, as one can judge by measuring
the shock slope (not on Fig. 6, which is affected by some
stretching of the hardcopy paper). Note also that the flowfield
behind the main shock is now uniform, with the correct Mach
number. A region of subsonic flow is growing in size behind
the reflected shock, which is obviously picking up strength. A
regular reflection can no longer be sustained and it changes
into a Mach reflection, as shown by the plot at t = 4.92. Here,
the subsonic region has grown all the way up to the upper wall
and no longer interacts with the centered expansion wave.
Remnants of the second and third reflections of the main
shock are visible in the lower right corner. The subsonic region
pushes the reflected shock and the Mach stem upstream, as we
can see at / = 6.65 and t = 8.38. Further stages of the calcu-
lation show the continuing upstream motion of the reflected
shock, which eventually swallows the whole main shock,
becomes practically a normal shock, and moves out of the
computed region.

The results shown in Fig. 6 have been obtained using a
150 x 30 mesh. The computational time for 1000 steps, on a
CRAY-XMP computer is 32 s (not including input/output
time).

TIHE-X980.6100

Fig. 9 Isobars for unsteady intake flow.

Intakes
Flows in and about intakes combine all the complications of

the flows in ducts with the interaction of an external flowfield.
The geometry shown in Fig. 7 has been proposed in a recent
GAMM Workshop.4 For the present calculation, the free-
stream Mach number is 2 and the Mach number at the end of
the duct is 0.3. The calculation starts assuming freestream
conditions everywhere, except within the intake, where a
linear distribution of M is assumed. Two H grids are used;
they match along a horizontal line going through the leading
edge of the cowl. The grid entering the duct has 15 intervals
vertically; the outer grid has 45 intervals vertically (Fig. 8 does
not show the entire computational field). Both grids have 150
intervals horizontally. The vertical spacing of the two grids is
not the same. Nevertheless, the computed values match
smoothly across the seam; this effect is easily obtained when
the X-scheme is used. In Fig. 9, isobars and fitted shocks are
shown. At t = 28.8, two supersonic-to-supersonic oblique
shocks have formed already, but the one at the left is still too
weak for fitting in its upper part. The effect is still evident at
t = 57.3, but the fitted part has grown bigger. In the same
plot, we see a super sonic-to-subsonic shock in the duct,
traveling upstream and followed by a region of almost uni-
form flow. At t - 85.2, the oblique shock from the cowl lip
has detached. The figure at t = 180.6 shows both the first
oblique shock fully formed and the shock in the duct very
close to the throat.
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FIRST REP- 0.00000
LRST REP- 3.00000
DREP- 0.05000

PIR5T REP- 0.00000
LflST REP- 6.62500
DREP- 0.12500

FIRST REP- 0.00000
LRST REP- 5.19998
DREP- 0.10000

PIRST REP—6.00000
LfiST REP- 4.00000
DREP- 0.50000

The main features of this case of complex Mach reflections
are: 1) the impinging shock, moving at a high speed into a gas
at rest, and leaving behind a region of supersonic flow and
high pressure (this is a novel case of subsonic-to-supersonic
transition); 2) a Mach stem, moving even faster and growing
in height; 3) a curved shock, beginning at the leading edge of
the wall and practically normal to it, which turns into a shock
parallel to the wall; 4) a kink in the curved shock, followed by
a short, weak shock ending in a triple point on the impinging
shock; 5) a contact discontinuity stemming from the triple
point and reaching the wall; and 6) an extremely weak shock
stemming from the kink and pointing toward the contact
discontinuity.

In our calculation, no attempts have been made to fit the
contact discontinuity; the shocks, however, have ail been
fitted. This problem requires the complete fitting technique,
for shocks oriented in any direction. Typical results are shown
in Fig. 10 (&tp, &ip, S, w-13.6626, and v). Our results should
be compared with Fig. 4 of Ref. 6. Note, in particular, that
our plot of 11-13.6626 has to be compared with their plot of
vx-l 1.547; the difference in the subtractive constant is due to
a different scaling of velocities. Symbols for the fitted shocks
are not shown in Fig. 10 (they are too large and the shock
points are too close to one another; they would produce a wide
black band without allowing points of a different nature to be
differentiated). Consequently, the plots look like those ob-
tained by shock-capturing techniques. The comparison with the
best result of Ref. 6 is excellent. The entire calculation takes
about 69 s for 523 steps on a CRAY-XMP computer. More
details and a complete analysis of the problem will be pre-
sented elsewhere.

PIRST REP—13.0000
LRST REP- 6.00000
DREP- 1.00008

Fig. 10 Complex Mach reflection.

Complex Mach Reflections
To conclude, we consider a problem which has been ex-

tensively discussed by Woodward and Colella,6 the complex
Mach reflection of a normal shock on an oblique wall. We use
the same Cartesian grid as in Ref. 6, although with fewer
points. The impinging shock has a Mach number of 10, so that
the Mach number of the flow behind it is 1.83. The impinging
shock forms an angle of 60 deg with the wall. The grid is
parallel and orthogonal to the wall. With the given data, the
reflected shock cannot be attached to the wall, but we force it
to be, to match the assumptions of Ref. 6. The flow is self-
similar; our calculation, however, begins when the impinging
shock has just cleared the leading edge of the wall. We must let
the pattern develop and we expect to reach self-similarity only
after a reasonable resolution has been obtained.
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